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Abstract

This paper studies the relationship between investors’ subjective expectations and the term struc-
ture of interest rates. Departing from rational expectations, we allow investors to hold arbitrary—
and potentially heterogeneous—beliefs about future interest rates. We derive the relationships that
expected and realized interest rates must satisfy under different assumptions about expectation for-
mation, and we develop regression-based tests for two key hypotheses: (i) that bond risk premia are
constant, and (ii) that investors’ expectations across maturities and forecast horizons are consistent
with one another. Using survey data, we find no evidence of time-varying risk premia for short-term
bonds. We also document that market participants’ expectations are inconsistent with the structural
relationships that link short- and long-term interest rates.
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1 Introduction

According to the expectations hypothesis of the term structure of interest rates (EH), the yield on a
long-term bond equals the average of expected short-term interest rates over the bond’s lifetime, plus

a constant risk premium. That is, if th(n) is the yield on a bond that matures in n periods, then

1 n—1 . .
s=

where E*[-] denotes expectations under the true data-generating process. This expression is just one
of several algebraically equivalent formulations of the expectations hypothesis. For instance, the
hypothesis also implies that forward rates should equal expected future short-term rates (up to a
constant risk premium), and expected holding-period returns should be identical across maturities
(again up to a constant).

A large body of empirical research has consistently documented evidence against various
formulations of the expectations hypothesis. For example, Campbell and Shiller (1991) document that
(i) excess returns are not equalized across maturities, and (ii) an upward-sloping yield curve is not
associated with a corresponding increase in future short-term interest rates. The standard interpretation
of these findings is that the expectations hypothesis fails due to the presence of time-varying risk premia.

At the same time, it has long been recognized that standard tests of the expectations hypothesis—
such as the regressions mentioned above—are in fact joint fests of the expectations hypothesis and
rational expectations (Friedman, 1979; Froot, 1989; Crump et al., 2024). This is because these regressions
approximate expected interest rates with their realized values, an approach that relies on the rational
expectations postulate that agents’ expectations are consistent with the true data-generating process.
As a result, a rejection based on these tests may reflect a failure of the expectations hypothesis, the
assumption of rational expectations, or both. Indeed, even the “algebraic equivalence” of different
formulations of the expectations hypothesis hinges on rational expectations, which requires that
investors correctly understand the relationship between short- and long-term interest rates. For
instance, if market participants misperceive this relationship—or believe that others do—then the yield
on a long-term bond need not equal the average of expected short-term rates, even if expected one-
period holding returns are equal across maturities.!

In this paper, we examine how investors’ subjective expectations shape the term structure of
interest rates. Rather than imposing rational expectations, we allow investors to hold arbitrary (and
heterogeneous) beliefs about future interest rates. We derive the relationships that expected and realized
interest rates must satisfy under various assumptions on investors’ expectations and develop regression-
based tests for two key hypotheses: (i) that bond risk premia are constant, and (ii) that investors
understand the structural relationships linking short- and long-term interest rates. Empirically, we find
that short-term bonds do not exhibit time-varying risk premia, and market participants’ expectations
across different maturities and forecast horizons are not consistent with one another.

!This is because the equality of expected one-period returns is a statement about one-period-ahead forecasts, whereas the
formulation of the expectations hypothesis that links long-term yields to expected future short rates involves forecasts over
multiple horizons. The two formulations are equivalent only if forecasts across different horizons satisfy certain consistency
conditions, as we discuss below.



We derive our results in the context of a simple discrete-time economy populated by long-
lived investors who can hold positions in bonds of varying maturities. Unlike prior literature, we
do not impose rational expectations; instead, we allow investors to hold arbitrary and potentially
different beliefs about future bond prices. Specifically, we focus on what is often referred to as the
economy'’s “temporary equilibrium,” which imposes individual rationality and market clearing but
treats expectations as model primitives (i.e., without modeling how they are formed). Accordingly,
heterogeneity in investors’ expectations in our framework may stem from different information sets,
different models for how various (endogenous or exogenous) variables evolve, different understandings
of the economy’s structural equations, or any combination thereof.

Using the model, we characterize how investors’ subjective beliefs shape the term structure of
interest rates to a second-order approximation. We show that, as long as disagreement among investors
is of the same order of magnitude as their subjective uncertainty—a condition necessary for equilibrium
existence—bond prices can be expressed in terms of the short-term interest rate, terms capturing risk
premia, and investors’ subjective expectations of bonds’ resale values next period. These expectations
enter prices through a specific aggregation: bonds are priced as if the economy were populated by
a representative investor holding consensus expectations, defined as a weighted average of individual
expectations with greater weights placed on investors with higher risk-bearing capacities.

This characterization leads to an intuitive but important implication: irrespective of how
expectations are formed, if bond risk premia are constant, realized and expected bond yields must satisfy

yﬁ”) = %yt(l) + nT_lE[yt(f:l)] + constant, (SL-EH)
where E;[] denotes consensus expectations. We refer to this relationship, which links yields of adjacent
maturities through one-period-ahead consensus forecasts, as the subjective local expectations hypothesis
(SL-EH).? Crucially, this is the only relationship among interest rates and expectations that follows from
individual portfolio optimization and market clearing. Any other relationship, including the standard
formulation of the expectations hypothesis (EH) or its variants with subjective expectations, necessarily
rests on additional assumptions on how expectations are formed.

Building on this observation, we then develop two families of regressions that use survey data to
test whether bond risk premia are constant. The first is the survey-based counterpart to the textbook
regression of Campbell and Shiller (1991) and tests the relationship between yield spreads and the
one-period-ahead expected change in long-term yields. The second exploits the fact that, even under
arbitrary expectations, one-period-ahead consensus forecasts of forward rates must equal current
forward rates plus a constant risk premium. Importantly, both approaches enable us to test whether risk
premia are constant without imposing any assumptions on how beliefs are formed (rational expectations
or otherwise).

While the SL-EH describes the relationship between realized and one-period-ahead forecasts of
yields of adjacent maturities, it is otherwise silent on how expectations across other maturities and
forecast horizons relate to one another. We address this question in our second set of results, where we

*We borrow the term local expectations hypothesis from Cox, Ingersoll, and Ross (1981) and Campbell (1986), who consider
similar relationships but under rational expectations.



examine whether expectations across the yield curve are mutually consistent—that is, whether market
participants’ expectations reflect the structural relationships that link different interest rates.

To this end, we characterize the relationship between realized and expected yields under the
additional assumption of common knowledge of rationality: investors understand the market structure
and how others form expectations, and these understandings are common knowledge.® We show that
this assumption implies that the yield on a long-term bond equals market participants’ consensus
expectation of the average short rate over the bond’s lifetime:

n—1
n 1 = 1
yi" = - E_O E; [y§+)5] + constant; (S-EH)

arelationship we refer to the subjective expectations hypothesis (S-EH).

This result has two implications. First, it clarifies that while the assumption of constant risk premia—
absent further restrictions—implies only the SL-EH, the algebraic equivalence between the SL-EH and
S-EH rests on the additional assumption of common knowledge of rationality. Second, it enables us to
develop three families of regressions that use survey data to test whether expectations across the yield
curve are mutually consistent.

The first two families of regressions rely on the observation that, under the S-EH, consensus
expectations of forward rates at all forecast horizons must equal current forward rates, up to a constant
risk premium. The third family relies on the related observation that an expected increase in interest
rates should translate into a contemporaneous expected rise in future forward rates. Importantly, all
three regressions are tests of investors’ mental models and assess whether their subjective expectations
across maturities and horizons are consistent with one another, irrespective of how interest rates actually
evolve. As such, they are fundamentally distinct from tests of consistency of subjective expectations with
the true data-generating process (such as Coibion and Gorodnichenko (2015) and Bordalo et al. (2020)).

We then use survey data from Blue Chip Financial Forecasts (BCFF) and data on zero-coupon
Treasury yields to empirically test whether expected and realized interest rates satisfy the SL-EH and
S-EH. Using a panel of forecasts for yields across different maturities and forecast horizons, we obtain
the following results.

First, we find no evidence of SL-EH violations at the short end of the yield curve, but clear violations
at the long end: when the yield spread widens, expected long-maturity yields tend to fall rather than
rise. Consistent with our theoretical framework, we interpret this pattern as evidence of time-varying
risk premia for long-term bonds, while the null of constant risk premia cannot be rejected for short-term
bonds. These findings align with earlier results in the literature, yet they are obtained without relying on
assumptions about expectation formation (such as rational expectations).

Second, we document violations of the S-EH for bonds of all maturities, including those at the
short end of the yield curve. Combined with the failure to reject SL-EH for short-maturity bonds,
these findings point to violations of the common-knowledge assumption. In particular, they imply that
investors’ subjective expectations of interest rates across maturities and horizons are either inconsistent

3This assumption does not require market participants to share the same information, agree on the nature of fundamental
shocks, or hold a common prior. Nor does it require their expectations to be consistent with the true data-generating process,
as would be the case under rational expectations. Rather, it requires that each investor understands how others translate their
information, priors, and mental models into expectations about bond prices.



with the structural properties of the economy—such as market clearing—or that these structural
relationships are not common knowledge. In either case, investors’ mental models are inconsistent with
the S-EH: expectations of long-term bond yields do not equal the average of expected short-term rates
over the bond’s lifetime, even when risk premia are constant.

Related Literature. Our paper belongs to the literature that uses survey data to study the relationship
between investors’ subjective expectations and the term structure of interest rates. Early contributions
include Friedman (1979) and Froot (1989), who argue that empirical rejections of the expectations
hypothesis may reflect violations of rational expectations rather than of the hypothesis itself. More
recently, Piazzesi, Salomao, and Schneider (2015) and Nagel and Xu (2025) document that subjective
bond return expectations extracted from survey data are less cyclical than what is implied by predictive
regressions using realized returns. We contribute to this literature on both theoretical and empirical
fronts. On the theoretical side, we show how the relationship between realized and expected interest
rates depends on assumptions about expectation formation, and we develop regressions to test whether
bond risk premia are constant and whether investors understand the structural relationships linking
different interest rates. On the empirical side, we use survey data to examine whether market
participants’ expectations of short- and long-term interest rates are consistent with one another.

A more recent strand of the literature examines whether the failure of the expectations hypothesis
stems from misspecification in investors’ beliefs about the process driving the short-term interest
rate (Crump et al., 2024), or from investors’ inability to learn the parameters of that process within a
reasonable timeframe (Farmer et al., 2024). Like these papers, our work allows for departures from full-
information rational expectations. However, we differ along two key dimensions. First, whereas those
studies assume specific parametric models for how expectations are formed, our regressions are either
agnostic about the expectation formation process or provide direct tests of the assumptions underlying
it. Second, while the above papers focus on expectational errors about the short rate and assume
that short- and long-term rates are linked through the S-EH, we test whether market participants’
expectations of different interest rates are consistent with the S-EH.

Our paper also contributes to the body of works on over- and under-reaction of expectations in
macroeconomics and finance (Coibion and Gorodnichenko, 2015; Bordalo et al., 2020). In the context
of the bond market, and thus more directly related to our work, Cieslak (2018), d’Arienzo (2020), and
Wang (2021) document systematic errors in market participants’ forecasts of future interest rates. The
common feature of these studies is their focus on how subjective forecasts relate to the true data-
generating process. In contrast, we examine the relationship among different subjective forecasts, and
in particular, the internal consistency of market participants’ mental models across the yield curve.

Our paper also contributes to the theoretical literature on heterogeneous beliefs in bond markets,
such as Xiong and Yan (2009), Ehling et al. (2018), and Buraschi and Whelan (2022). These papers model
belief heterogeneity by assuming that investors “agree to disagree” about economic fundamentals, such
as future interest rates or inflation. In addition, for analytical tractability, they restrict heterogeneity
to two types (e.g., optimists and pessimists) and impose parametric assumptions on preferences and
the underlying data-generating process. The tractability of our framework allows us to relax these
assumptions. Using a second-order approximation, we characterize how investors’ expectations, risk-



bearing capacities, and subjective uncertainty jointly shape the term structure of interest rates—without
imposing parametric assumptions, specifying the source of belief heterogeneity, or limiting the number
of investor types.

Finally, our paper is related to recent and independent work by Shue, Townsend, and Wang (2025),
who study the comovement of expected changes in short- and long-term bond yields and document
that investors tend to lump different interest rates into a single, coarse category of “interest rates.” Like
our work, they test whether investors’ expectations are consistent with the expectations hypothesis.
However, their main regression specifications rely on the assumptions that interest rates have weak
serial correlations and that investors hold a correctly specified model of the short rate’s evolution. In
contrast, our approach tests the consistency of investors’ expectations with the S-EH without imposing
any assumptions on yield curve dynamics or ruling out misspecification in investors’ models of the
short-term interest rate.

Outline. The rest of the paper is organized as follows. We present our conceptual framework in Section
2 and develop our theoretical results in Section 3. Section 4 contains our main empirical findings. The
proofs and some additional results are presented in the Appendix.

2 Model

Consider a discrete-time, infinite-horizon economy, with time indexed by ¢ € {0, 1, ... }. In every period,
there are zero-coupon, default-free bonds with face value one that mature in n > 1 periods. Let sE")
denote the net supply of the n-period bond at time ¢, which is assumed to be inelastic for all n > 2. The

short-term bond is supplied elastically at price pgl), which is set by the central bank. The short-term

)= —logp[".

The economy is populated by a unit mass of long-lived, risk-averse bond investors, indexed by

interest rate is thus given by y§1

i € [0, 1], who choose their bond holdings and can readjust their portfolios each period. Investor i enters
the market at ¢ = 0 with initial wealth w;. At any future point in time, the investor exits the market with
probability 1 — p and is replaced by a new investor—also indexed i—who enters with the same initial
wealth w;. As in Vayanos and Vila (2021) and Kekre, Lenel, and Mainardi (2025), we assume investors
derive utility from their terminal nominal wealth at the time of exit. Unlike these papers, however,
we allow investors to have arbitrary and potentially different expectations about future bond prices.
These differences in expectations may reflect investors’ different information sets, different models for
how various (endogenous or exogenous) variables evolve, different understandings of the economy’s
structural equations, or some combination thereof.
The investor indexed i thus faces the following optimization problem at time ¢:

oo
max (1 —p) > 0T Bt fu(wir 1))
Lir T=t

0 (1)
st wirsn =wir/p0 + Y 2 Y - pl pY),

n=2

where p\™ is the time-r price of the bond that matures in n periods, z."

T

denotes i’s position in the bond,



wjr is i's wealth at time 7, and «(-) denotes investors’ (strictly concave and thrice-differentiable) utility
function. Operator E;[-] in (1) represents investor i’s subjective expectation, which—unless otherwise
noted—we treat as a model primitive that need not coincide with rational expectations. In particular,
E;[-] may be inconsistent with the economy’s structural equations (such as market clearing) as well as
with the processes driving economic fundamentals (such as shocks to the short-term interest rate or to
the supply of bonds). While we do not take a stance on how expectations are formed, we assume that
investors’ beliefs are internally consistent, in the sense that each investor’s expectations satisfy the law
of iterated expectations, that is, E;E;;, ;[-] = E;[-] forall h > 0 and all t.*

To analyze how investors’ expectations shape the term structure of interest rates, we approximate
the economy around a deterministic steady state in which (i) the short-term interest rate is constant and
equal to zero in all periods, and (ii) investors face no uncertainty about future bond prices. Formally, we
parameterize investors’ subjective uncertainty by assuming

covie(log py 1y log pif1) = 0?3 2)
and approximate the economy as o — 0.° As o approaches zero, uncertainty about future prices vanishes
at a common rate o2. Since the right-hand side of (2) is independent of 4, this specification also implies
that all investors face the same subjective uncertainty at each point in time. Throughout, we assume
that the subjective conditional covariance matrix of future log prices is invertible when o > 0.

We also assume that

o1 n n
lim = (Eallogp(}}] — Enllogp{1}]) < o0 3

o—0

for all i # j. This condition restricts the extent of disagreement between investors: while i and j may
hold different beliefs, the magnitude of their disagreement shrinks to zero at rate o2 (or faster). Thus, in
light of (2), disagreement between investors is at most of the same order of magnitude as their subjective
uncertainty. When (3) is violated, investors with different beliefs would want to take infinitely sized
bets against one another as o — 0, thereby ruling out equilibrium existence. This restriction ensures
that, despite potential heterogeneity in expectations, investors’ bond-holding positions remain finite as
uncertainty vanishes.
We now characterize equilibrium bond prices in terms of model primitives. Let

O = —u" (wir) /u’ (wir) and Vit = —wip” (wir) /u’ (wir) (4)

denote investor i's time-t coefficients of absolute and relative risk aversion, respectively. Also, let 6;
denote the harmonic average of investors’ coefficients of absolute risk aversion at time ¢t. We have the
following result.

“The law of iterated expectations is a consistency restriction on expectations of the same variable, i.e., E;;E;1 1 [2] = Ei[2] for
any z. It places no requirement on investor i's expectations of distinct variables—say;, pﬁl and pifﬁ—being consistent or even
related to one another. We impose this assumption to ensure that, given an investor’s expectations, the corresponding portfolio
optimization problem is dynamically consistent. The assumption can be dispensed with when investors are short-lived (p = 0).

>The assumption that the short-term interest rate is equal to one in steady state corresponds to lim,_,o log p,E“ = 0. This
normalization ensures that, in steady state, each investor’s wealth remains constant over time; that is, lim,_.o w;; = w; for all
t. We also assume that all (subjective) joint moments of future log prices of order k € {1,2,...} decay to zero at rate ¢*. This
guarantees that the log-quadratic approximation of equilibrium prices only depends on the first two moments of investors’
beliefs.



Proposition 1. The log price of the n-period bond at timet is given by

(n) (

oo
1) = (n—1 1 -1 = ~1 —1
logp(" = logp") + Eulp{’1 V] + Svar, (logp{}7") = 0, Y s{™ covi(log pf} 7", log p{T )

2 m=2
1 00 B (5)
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to a second-order approximation as o — 0, where
1

E,[] = / (0,/6:)Exe[Jdi ©)

0

denotes investors’ consensus expectations.

This result characterizes equilibrium bond prices in terms of investors’ subjective expectations, their
risk-bearing capacities, the short-term interest rate, and the supply of bonds. Crucially for our purposes,
Proposition 1 holds regardless of how investors form their expectations, as it follows directly from
individual portfolio optimization and market clearing. In particular, the expression in (5) remains valid
whether investors hold identical or heterogeneous beliefs, regardless of how their expectations relate (if
at all) to the process governing the short-term interest rate, and irrespective of their understanding of
the relationship among different bond prices—including equation (5) itself. As a result, this proposition
allows us to study the implications of investors’ subjective beliefs for the term structure of interest rates
without taking an explicit or implicit stance on how those beliefs are formed.°

We now examine each term on the right-hand side of (5) in turn. The first two terms show that
the price of the n-period bond depends on the short-term interest rate and on a weighted average of
investors’ expectations. Notably, despite the fact that investors are long-lived, only their one-period-
ahead forecasts of the bond’s resale price, E;; [pgi;”], enter the expression; expectations over longer
horizons or those of other bond prices do not. This reflects the assumption that investors can rebalance
their portfolios each period. Proposition 1 thus highlights that any other relationship among various
bond prices and/or their expectations—such as the textbook statement of the expectations hypothesis
relating bond prices to longer-horizon expectations of the short-term interest rate—necessarily relies on
additional assumptions on how investors form expectations.

The second term on the right-hand side of (5) indicates that bonds are priced as if the economy
were populated by a representative investor holding the consensus expectations defined in (6). These
expectations are weighted averages of investors’ subjective forecasts, with greater weights assigned to
investors with lower coefficients of absolute risk aversion, 8;;. This reflects the intuitive idea that beliefs
of investors with higher risk-bearing capacity exert greater influence on asset prices.’ It is worth noting
that, despite (3), the cross-sectional distribution of expectations shapes bond prices in a nontrivial way:
while (3) rules out disagreements of order o, it still allows for disagreements of order o2, which affect

%In the language of Adam and Marcet (2011), Proposition 1 relies on investors’ internal rationality—that is, they understand
their own objective and optimize their portfolios accordingly, given their subjective beliefs—but not on their external rationality
(i.e., whether they understand the market structure, other investors’ behavior, etc.).

"For example, in the special case of logarithmic utility, the weighted average on the right-hand side of (5) reduces to the
wealth-weighted average of investors’ expectations, in line with Xiong and Yan (2009). Also see Barillas and Nimark (2017), who
derive an equation similar to (5) under the additional assumptions that all investors (i) are short-lived, (ii) have logarithmic
preferences, and (iii) form rational expectations under incomplete information about the short-term interest rate.



consensus expectations in (6) to a second-order approximation. In other words, investor disagreement,
though bounded, plays a meaningful role in determining equilibrium prices.

The third term on the right-hand side of (5) is a standard convexity adjustment that arises from
expressing the relationship between different bond price in logs.

The remaining two terms on the right-hand side of (5) are also standard and capture the bond’s risk
premia. The fourth term represents the “myopic component” of the compensation investors demand
for bearing the bond’s price risk. This compensation increases with the harmonic average of investors’

absolute risk aversion, the covariance between the bond’s resale price, log pﬁ;l)

, and the prices of other
bonds, and investors’ positions in those bonds—which, by market clearing, equal the bonds’ net supply,
sg"”. The fifth term is a reflection of investors’ intertemporal hedging demand due to uncertainty about
future interest rates: conservative investors (with v; > 1) demand more of the n-period bond when
its resale price tends to be high in states where future short-term interest rates are expected to be
low (Campbell and Viceira, 2001). This term vanishes when all investors are either short-lived or have

logarithmic preferences.

3 Expectations and the Term Structure of Interest Rates

In this section, we take equation (5) as our starting point and examine how investors’ expectations
shape the term structure of interest rates. Throughout, we maintain the additional assumption that

the convexity adjustment term, 1var,(log p§1;1>)

,in (5) is either small or constant over time. This ensures
that fluctuations in bond prices are driven entirely by changes in risk premia, investors’ expectations,
or both. Unless otherwise noted, all results are presented to the same order of approximation as in

Proposition 1.

3.1 Term Structure with Constant Risk Premia

As a first step, we derive the relationship between bond yields, denoted by yt(") = —(1/n)log p§">,
and investors’ expectations under the assumption that risk premia are constant. This serves as a
natural benchmark akin to the textbook statement of the expectations hypothesis, but without imposing
restrictions on how expectations are formed.

Assumption 1. Bond risk premia are constant over time.

Proposition 2. If Assumption 1 is satisfied, then

n—1= (n—1)

(m) = E¢[y,,, '] + constant, @)

1
Yi —Eyé)‘i‘

n

whereE,[-] denotes investors’ consensus expectations in (6).

Equation (7), which follows from (5), is the counterpart to the expectations hypothesis in our
heterogeneous-beliefs economy with arbitrary subjective expectations. It links yields on bonds with
adjacent maturities to one another through investors’ one-period-ahead consensus forecasts. Borrowing
from Cox, Ingersoll, and Ross (1981) and Campbell (1986), we refer to this relationship as the subjective
local expectations hypothesis (SL-EH).



Just as in (5), equation (7) holds regardless of how investors form their expectations, as it follows
from individual portfolio optimization and market clearing. Put differently, when bond risk premia
are constant, this equation remains valid irrespective of what investors may or may not know about
the market structure, other market participants’ behavior or expectations, and the fundamental shocks
to the economy. An important consequence of this observation is that any relationship between
different interest rates and/or their expectations other than (7) must hinge on additional assumptions
on investors’ expectations. In particular, any statement that relates yt") to E[yff,i] forh > 1orm #
n — 1 necessarily assumes either a connection between long-horizon and one-period-ahead forecasts, a
specific view about how investors perceive the relationship among different yields, or both.

Equation (7) has equivalent formulations in terms of excess returns and forward rates. Specifically,
itimplies that, aside from a constant risk premium, the consensus expected one-period holding returns

are identical across all maturities; i.e., E; [rxgi)l] is a constant that does not vary with time, where rxij_)l =

log pﬁi{l) — log pE”) - ygl) denotes excess returns. Equation (7) also implies that forward rates satisfy

Et[ft(zim)] = ft(n’m+1) + constant, (8)

where £"™ = (1 + m/n)y" ™ — (m/n)y{™ is the current yield of an n-period bond that matures in
n + m periods. This relationship resembles the martingale property of forward rates (plus a constant)
dating back to Samuelson (1965) and Sargent (1972). However, it differs from these classical results along
two dimensions. First, it shows that, away from rational expectations, forward rates are martingales
with respect to the investors’ consensus subjective expectations, rather than the expectations implied by
the true data-generating process. Second, the martingale property of forward rates holds only for one-
period-ahead forecasts: in general, the difference between E;| ft(_?;j”)} and f™™ ™ need not be constant
for h > 2. This reflects the fact that, absent other restrictions on expectations, constant risk premia alone

do not imply a relationship between current yields and investors’ multi-step-ahead forecasts.

Regression specification. Equations (7) and (8) allow us to test the hypothesis that bond risk premia
are constant, without requiring any assumptions on how expectations are formed.
Equation (7) implies that when risk premia are constant—and hence the SL-EH holds—the slope
coefficient of regression
By ] -y =+ Blﬁ(yﬁn) —y) +e 9)
must equal 1 for all n > 2. Regression (9) closely parallels the well-known Campbell and Shiller
(1991) regression, yt(ifl) — ylf") = a+ ﬁﬁ(yt(") - yfl)) + &, but with the realized yield yﬁ]l) on
the left-hand side replaced by its time-¢ consensus forecast, E, [yﬁ;”]. Naturally, the regression also
has a similar interpretation: under the null hypothesis that risk premia are constant (i.e., 51 = 1), an
increase in the yield spread yt(") - ygl) must be associated with a higher expected yield of the long-term
bond to ensure that subjective expected returns of long- and short-term bonds are equalized (up to a
constant). However, unlike the standard Campbell-Shiller regression, which is valid only under rational

expectations, regression (9) is a valid test of Assumption 1 regardless of how expectations are formed.



Similarly, the martingale property of forward rates in equation (8) implies that under the SL-EH, the
slope coefficient of regression

Bl — o™ = a4 Bo (£ — ™) 4 ¢ (10)

must equal 1 for all n» > 1 and m > 0. This family of regressions thus provides another test of Assumption
1. In the special case that m = 0, regression (10) can be equivalently expressed as E; [rng{l)] =a+(1-
B2)( ft(l’”) — y§1)) + ¢4, which is the survey-based analogue of the Fama and Bliss (1987) regression, with
realized excess returns replaced by their one-period-ahead consensus forecasts.

A few remarks are in order. First, while regressions (9) and (10) are equivalent under the null of
constant risk premia, they constitute distinct tests of this hypothesis, as neither follows from the other
without explicitly imposing Assumption 1. Second, the error terms, ¢;, in these regressions capture
potential measurement error in constructing consensus expectations. The slope coefficients remain
unbiased so long as this measurement error is uncorrelated with the regressors. Third, although prior
studies have used survey data to test for time variation in risk premia, such tests typically rely on
additional assumptions about expectation formation. For instance, Friedman (1979) tests whether
E; [yfi)h] = t(l’h), while Froot (1989) examines whether E; [ygz) ] — yfh) = ft("’h) — yt(h). However, except
when = 1, both tests rely on forecasts beyond the immediate next period, which means they are valid

tests of Assumption 1 only under additional assumptions on how expectations are formed.

3.2 Consistency of Yield Curve Expectations

While the SL-EH describes the relationship between realized and one-period-ahead forecasts of yields
of adjacent maturities, it is otherwise silent on how expectations across other maturities and forecast
horizons relate to one another. This is because we have so far treated investors’ expectations as model
primitives, placing no restrictions on how forecasts are formed across the yield curve. As such, investors’
subjective expectations of short- and long-term interest rates may be entirely disconnected.

In this subsection, we examine whether investors’ subjective expectations are consistent with the
structural equations that link different interest rates to one another. This requires imposing additional
restrictions on investors’ mental models—and, by extension, on how their yield curve expectations are
formed.

Assumption 2. (a) Investors understand market clearing and other investors’ ability to solve their own
portfolio optimization problems; (b) investors understand how others form expectations; (c) these
understandings are common knowledge among all investors.

Assumption 2(a) requires that all investors understand the market structure: they recognize that
all market participants solve similar optimization problems—albeit with different expectations and
wealth—and that bond markets must clear. As a result, each investor also understands that bond prices
satisfy equation (5). Assumption 2(b) adds the requirement that investors understand how others form
expectations. This does not mean that investors share the same information, agree on the nature of
fundamental shocks, or hold acommon prior. Nor does it require their expectations to be consistent with

10



the true data-generating process, as would be the case under rational expectations.® Rather, it requires
that each investor understands how others translate their information, priors, and mental models into
expectations about bond prices. Finally, part (c) requires that the understanding of market structure and
expectation formation is common knowledge among all market participants.

Our next result establishes the implications of Assumption 2 for the term structure of interest rates.

1
+h

the future price of the short-term bond / periods ahead. We have the following result.

Let A?j’t = Eylog pﬁr)h] — Ej¢[log pg | denote the disagreement between investors 7 and j at time ¢ about

Proposition 3. Suppose Assumptions 1 and 2 are satisfied. Also suppose

1

iii% P(Eit[A?j,t—H] - Ejt[A?j,tHD =0 1D
forallh > 1 uniformly. Then,
w_ 150
weo= Z E¢ly; 5] + constant. 12)

s=0

Proposition 3 establishes that, under Assumptions 1 and 2, the yield on a long-term bond equals the
average of investors’ consensus expectations of the short rate over the bond’s lifetime, plus a constant
risk premium. We refer to the expression in (12) as the subjective expectations hypothesis (S-EH), as it
mirrors the textbook statement of the expectations hypothesis but replaces expectations under the true
data-generating process with consensus subjective forecasts. Comparing this result to Proposition 2
underscores that while the assumption of constant risk premia—on its own—implies only the SL-EH,
the algebraic equivalence between the SL-EH and S-EH relies on the additional common knowledge
assumption. Put differently, when the common knowledge assumption is violated, the SL-EH may hold
even if the S-EH does not. Equation (11) is a technical condition that ensures disagreements about
disagreements are sufficiently small.

The key implication of Proposition 3 is that once Assumption 2 is imposed, investors’ yield curve
expectations can no longer be arbitrary and must satisfy certain consistency conditions. Specifically, it
is easy to verify that equation (12) implies that

E] t(ﬁ;in)] = Et[ft(fism+h_s)] + constant forall h > s > 0. (13)

This relationship, which generalizes the martingale property of forward rates in (8) to forecast horizons
beyond the next period (i.e., h > 1), places tight constraints on how investors’ subjective expectations
across maturities and horizons relate to one another. For instance, it requires that

_ n n 1 —
E; [y§+)1] — oy = E(Et v 1= yY) + constant, (14)

i.e., an expected increase in the short-term interest rate must be accompanied by a contemporaneous
increase in expected long-term interest rates. This is because under common knowledge (Assumption
2), investors understand that long-term rates reflect the average of expectations of the short rate. As

8That is, Assumption 2(b) allows for private information, heterogeneous beliefs, model misspecification, the possibility that
investors “agree to disagree” about the processes driving economic fundamentals, and any combination thereof.
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a result, any change in forecasts of future short rates translates into a corresponding adjustment in
expected long rates.

We conclude with a brief discussion of the role of the various assumptions underpinning Proposition
3. Recall that Assumption 1 implies that bond yields satisfy equation (7). Imposing Assumption 2 in
addition ensures that this relationship is common knowledge among all investors. As a result, one
can iterate forward on (7) to express the yield on the n-period bond in terms of the iterated consensus
expectations of future short-term interest rates:

1 N _
— Z EdEiq .. Errs [yt(}r)s] + constant. (15)
5=0

3

Itis well understood that consensus expectations generally do not satisfy the law of iterated expectations
(E:Eiin[] # Ei]), even if individual expectations do (Allen, Morris, and Shin, 2006). Nonetheless,
Proposition 3 shows that when disagreements about disagreements are sufficiently small (as formalized
by (11)), the iterated consensus expectations in (15) can be approximated to a second order by first-order
consensus expectations of future short rates.’

Regression specification. We now use equation (13) to derive three regression specifications that test
whether expectations across the yield curve are consistent with the S-EH.
First, setting s = 0 in (13) implies that the slope coefficient of regression

B — o™ = a4 (£ — ™) 4 e (16)

must equal 1 foralln > 1, m > 0, and A > 2. That is, under the null of the S-EH, an increase in the
forward premium today must be accompanied by an expected increase in future forward rates. Note that
we exclude one-period-ahead forecasts of forward rates: setting 4 = 1 reduces the above specification to

(10), which, as discussed in Subsection 3.1, constitutes a test of the SL-EH rather than the S-EH.

(n) ]
t+h

therefore unpredictable by any time-¢ variable. Accordingly, the slope coefficient of regression

Second, setting m = 0 in (13) implies that E,[y, ] — E ft(f’sh ~9] must be constant over time, and

E; [?in)h] E [ft(ﬁsh ] =+ B4z + &4 (17)

must be zero for any z;,, where » > s > 1. Rejecting 84 = 0 indicates that investors’ expectations
about future interest rates are inconsistent with the S-EH, even when risk premia are constant. Such
a rejection may arise because investors do not understand the market structure or how others form
expectations—i.e., a violation of Assumptions 2(a) and 2(b)—or because this understanding is not
common knowledge among market participants, as required by Assumption 2(c) In either case, the
implication is that investors’ mental models are such that their expectations of ?Jt i h and ft ") do not
move in tandem as required by the S-EH.

Third and finally, it is easy to verify that the martingale property of forward rates also requires that
the slope coefficient of the following regression is equal to 1:

n— S n n n
Edf ) =" = a+ 853 Eulylh) — o) + < (18)

9Put differently, although consensus expectations generally fail to satisfy the law of iterated expectations exactly, they do so
up to a second-order approximation as ¢ — 0, provided condition (11) holds.
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where h > 1and 1 < s < n. In other words, an expected rise in the yield of the n-period bond should
translate into a simultaneous increase in forecasts of forward rates up to n periods into the future.

We conclude this discussion with two observations. First, note that regressions (16)—(18) test
the internal consistency of investors’ subjective expectations across different maturities and forecast
horizons, irrespective of the actual dynamics of the yield curve. In other words, they test the
compatibility of investors’ mental models with the S-EH, regardless of how—or whether—their
expectations relate to the true data-generating process. This stands in contrast to regressions that
constitute joint tests of the expectations hypothesis and rational expectations, such as Campbell and
Shiller (1991), as well as to those in the style of Coibion and Gorodnichenko (2015), which examine the
relationship between subjective expectations and the actual data-generating process.

Second, in the special case that n = s = 1, regression (18) simplifies to

_ 1 —
E; [yt@s] —yM =+ BSE(E}/ [y,fi) -y + e,

which tests the relationship in (14) and resembles the specification in Shue, Townsend, and Wang
(2025). The difference is that while the above regression uses the expected long-run change in the
short rate, E, [ygi)h] - yt(l), as the explanatory variable, theirs uses the expected one-period change,
E, [yﬁr)l] - yél). This distinction is important for interpreting the slope coefficients. Under the S-EH,
our specification guarantees 5; = 1 without imposing any assumptions on yield-curve dynamics or
on the relationship between investors’ subjective models of the short-term interest rate and the true
data-generating process. In contrast, the slope coefficient in Shue, Townsend, and Wang (2025) depends
both on investors’ beliefs about future path of the short-term interest rate and on the relationship

between their subjective model and the true data-generating process, even under the S-EH.

3.3 Empirical Implementation of Consensus Expectations

Propositions 1-3 highlight that the term structure of interest rates is determined as if the economy
were populated by a representative investor who holds the consensus beliefs defined in equation (6).
These consensus expectations are weighted averages of individual forecasts, with greater weight placed
on investors with higher risk-bearing capacities—that is, lower coefficients of absolute risk aversion.
As a result, any empirical implementation of the regressions discussed above requires information on
forecasters’ coefficients of risk aversion (or, under specific assumptions on preferences, their wealth).
Since such data are typically unavailable, most empirical studies instead use the unweighted average or
median of forecasts (Singleton, 2021).

In anticipation of our empirical analysis in the next section, we conclude this section by providing a
theoretical justification for approximating the consensus expectations in (6) by the unweighted average
of investors’ expectations. We say that investors are ex ante symmetric if they have identical wealth
when they enter the market—that is, w; = w; for all i and j—while still allowing for heterogeneity in
expectations. We then have the following result.

Proposition 4. Suppose all investors are ex ante symmetric. Then,

1
Edfy] = /0 Eirly™), i (19)
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to a second-order approximation as o — 0.

This result shows that when investors are ex ante symmetric, the consensus expectations in
Propositions 1-3, and the resulting regression specifications, can be approximated to a second order by
the unweighted average of individual expectations. Ex ante symmetry therefore provides a theoretical
justification for the common practice of using the cross-sectional average of forecasts in empirical
analyses.

Notably, Proposition 4 does not require ex post symmetry. In fact, differences in expectations may
lead investors to make different portfolio choices, which in turn may cause their wealth—and thus their
risk-bearing capacities—to evolve differently over time. However, according to (19), such endogenous
fluctuations in the wealth distribution do not affect bond yields to a second-order approximation. This
is because equilibrium existence requires disagreements among investors to vanish at rate of 2 or
faster (equation (3)). Consequently, starting from identical initial wealth, the cross-sectional covariance
between investors’ risk-bearing capacities, 1/6,;, and their expectations, E;, [yii) |, decays strictly faster
than o2, implying that the wedge between the two sides of equation (19) is equal to zero to a second-
order approximation as o — 0.

4 Empirical Analysis

In this section, we use survey and interest rate data to test the two hypotheses developed in the previous
section. First, we use regressions (9) and (10) to test whether realized and expected interest rates
satisfy the SL-EH. By Proposition 2, this is equivalent to testing whether bond risk premia are constant.
Second, we use regressions (16)—(18) to assess whether market participants’ expectations across different
maturities and forecast horizons are consistent with the S-EH.

4.1 Data

Estimating regressions (9), (10), and (16)—(18) requires data on expected and realized interest rates. We
therefore combine survey data with data on zero-coupon Treasury yields, as described below.

Survey data. We use forecasts from the Blue Chip Financial Forecasts (BCFF) survey. Towards the end
of each month, approximately 40 financial professionals submit projections for interest rates and other
macroeconomic variables. Respondents provide estimates for the current quarter and up to five quarters
ahead, with forecasts released on the first day of the following month. We sample the data at a quarterly
frequency from 1988:Q1 through 2024:Q4 and focus on forecasts of 1, 2, 4, 8, 20, and 40-quarter yields.

Following Proposition 4, we calculate the unweighted cross-sectional average of all interest rate forecasts

(n)

as a proxy for E; [y,

|, where h = 1,...,6 quarters.

Interest rates. We use zero-coupon yield curve estimates from Liu and Wu (2021), who construct daily
yields for maturities from 1 month to 30 years starting in 1961. We convert the series to quarterly
frequency by averaging daily yields in each quarter. To align with the survey data, we restrict the sample
to 1988:Q1-2024:Q4 and focus on maturities ranging from 1 to 41 quarters.
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Table 1. Tests of the SL-EH Using Regression (9)

= n—1 n
Et[ygu )] *yg )

n =2 n=3 n=>5 n=29 n =21 n =41
L (™ — My 0.83 0.97 0.72 0.84 —0.22** —2.97%"
(0.31) (0.29) (0.31) (0.30) (0.47) (0.95)

Notes: This table presents the regression coefficients of specification (9). The consensus forecasts E,[-] are constructed as the
cross-sectional average of the forecasters in the dataset. Bond maturities are n = 2,3,6,9,21, and 41 quarters. The sample
period runs from 1988:Q1 to 2024:Q4. The numbers in parentheses report Newey-West standard errors with lag length selected
according to Lazarus, Lewis, Stock, and Watson (2018). Stars indicate statistical significance for the null hypothesis 8; = 1, with

*okok

,**, and *** indicating statistical significance at 10%, 5%, and 1% levels, respectively.

4.2 Subjective Local Expectations Hypothesis

As our first empirical exercise, we use regressions (9) and (10) to test whether realized and expected
interest rates satisfy the SL-EH, or equivalently, whether risk premia are constant. Recall that those
regressions allow us to test Assumption 1 while remaining agnostic about how expectations are formed.

We begin with regression (9), the survey-based analogue of the Campbell-Shiller regression. This

specification tests the relationship between yield spreads, y§”) - ygl), and the one-period-ahead expected

change in yields, E; [yt(_ﬁl)] - yﬁ”). Under the null of constant risk premia, the slope coefficient of this
regression must be 1, implying that a larger yield spread corresponds to a higher expected long-term
yield. Because the BCFF survey only contains forecasts for bond yields of maturities 1, 2, 4, 8, 20, and 40
quarter, we run regression (9) forn = 2,3,5,9,21, and 41 quarters.

Table 1 presents the results. For shorter maturities (n = 2, 3,5, and 9 quarters), we find no evidence
of a violation of the SL-EH—and hence no evidence for the presence of time-varying risk premia—as the
null hypothesis 5; = 1 cannot be rejected. In contrast, for longer maturities (n = 21 and 41 quarters),
the estimated coefficients differ significantly from one and are, in fact, negative. That is, when the yield
spread widens, expected long-term yields tend to decline rather than rise. This is a clear violation of the
SL-EH and, according to Proposition 2, implies that long-term bonds exhibit time-varying risk premia.

Next, we turn to regression (10), which tests the one-period-ahead martingale property of forward
rates implied by equation (8). Recall that under the null hypothesis of constant risk premia, the slope
coefficient must equal 1 for all » > 1 and m > 0. To implement this regression, we calculate the

expected forward rates from the one-period-ahead forecasts of yields: E;| ft(ﬁ’lm)] = (1+m/n)E, [yt(f{m)] -

(m/m) B[y,

Table 2 reports the results. Estimated coefficients echo the results from Table 1. For shorter maturities
(i.e., when both n and n + m are small) the estimated coefficients are statistically indistinguishable from
1, indicating that an increase in forward premia is accompanied by a one-to-one rise in the difference
between the (consensus) forecasts of the forward rate and the realized yield, E;] t(_f’lm)] — 4™ In contrast,
for longer maturities (that is, when either m or n + m are large), we can reject 52 = 1. Another pattern
that emerges is that, holding the start of the forward period (m) fixed, the estimated coefficient decreases

with the bond’s maturity (n).
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Table 2. Martingale Property of Forward Rates with Respect to One-Period-Ahead Subjective Forecasts

start of the forward period (m) in quarters

time to maturity

(m + n) in quarters 0 1 2 4 8 20

1 0.92
(0.15)

2 0.94 1.03
(0.14) (0.07)

4 0.70* 0.83* 0.86
(0.17) (0.09) (0.09)

8 0.65** 0.81** 0.87** 0.95
(0.14) (0.08) (0.06) (0.04)

20 0.01*** 0.46*** 0.62%** 0.76*** 0.86***
(0.25) (0.12) (0.08) (0.05) (0.03)

40 —2.11%** —0.60*** —0.09*** 0.31%** 0.58*** 0.76***
(0.66) (0.32) (0.21) (0.13) (0.09) (0.06)

Notes: This table presents the regression coefficients of specification (10). Consensus forecasts E;[-] are constructed as the
cross-sectional average of the forecasters in the dataset. The sample period runs from 1988:Q1 to 2024:Q4. The numbers in
parentheses report Newey-West standard errors with lag length selected according to Lazarus, Lewis, Stock, and Watson (2018).
Stars indicate statistical significance for the null hypothesis 3, = 1, with *, **, and *** indicating statistical significance at 10%,
5%, and 1% levels, respectively.

Taken together, Tables 1 and 2 show that expected and realized yields are consistent with constant
risk premia at the short end of the yield curve but exhibit meaningful departures from the SL-EH at the
long end, indicating the presence of time-varying risk premia.

4.3 Subjective Expectations Hypothesis

As our next set of exercises, we estimate regressions (16)—(18) to assess whether investors’ expectations
are consistent with the S-EH. As established in Proposition 3, these specifications constitute joint tests
of Assumptions 1 and 2.

Table 3 reports the estimated coefficients of regression (16) and their standard errors, pooling
observations across forecast horizons h = 2,3,4,5, and 6 quarters.'® The estimated coefficients are all
below one and, in the vast majority of cases, statistically different from unity. This pattern implies a
rejection of the S-EH and, by extension, a joint rejection of Assumptions 1 and 2 across the yield curve.
However, in light of the results in Tables 1 and 2—which found no evidence against Assumption 1 at the
short end—we interpret the rejection of 33 = 1 for short-maturity bonds in Table 3 primarily as evidence
against Assumption 2.

Comparing the entries corresponding to the short end of the yield curve in Tables 2 and 3 illustrates
this point more clearly: while Table 2 shows that forward rates are a martingale with respect to one-step-
ahead subjective forecasts, Table 3 reveals that the martingale property fails for the same bonds when

We exclude h = 1 because, at this horizon, the specification reduces to (10) and therefore tests the SL-EH rather than the
S-EH.
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Table 3. Martingale Property of Forward Rates

start of the forward period (m) in quarters

time to maturity

(m + n) in quarters 0 1 2 4 8 20

1 0.83**
(0.07)

2 0.83** 0.87**
(0.07) (0.05)

4 0.82** 0.84*** 0.86***
(0.07) (0.05) (0.04)

8 0.89 0.89** 0.91** 0.95
(0.07) (0.05) (0.04) (0.03)

20 0.90 0.88** 0.88** 0.90*** 0.92%**
(0.06) (0.05) (0.04) (0.03) (0.02)

40 0.71** 0.68*** 0.68*** 0.71%** 0.76*** 0.83***
(0.11) (0.09) (0.07) (0.06) (0.04) (0.02)

Notes: This table presents the regression coefficients of specification (16), pooled across forecast horizons h = 2,3,4,5, and 6
quarters. Consensus forecasts E,[-] are constructed as the cross-sectional average of the forecasters in the dataset. The sample
period runs from 1988:Q1 to 2024:Q4. The numbers in parentheses report Newey-West standard errors with lag length selected
according to Lazarus, Lewis, Stock, and Watson (2018). Stars indicate statistical significance for the null hypothesis 83 = 1, with

*kok

,**, and *** indicating statistical significance at 10%, 5%, and 1% levels, respectively.

forecast horizons extend beyond one period. This discrepancy indicates that subjective expectations
across maturities and horizons are either inconsistent with the structural properties of the economy,
such as market clearing (violating Assumptions 2(a) and (b)), or that these structural relationships are
not common knowledge (violating Assumption 2(c)).

We next turn to regression (17), which tests the S-EH by examining whether the difference E; [yt(f:) ] -
K ft(f’sh_s)] is predictable using a time-t variable z;. Because our survey data cover only a limited set of
maturities and forecast horizons, we can implement this regression only in the case s = h—n. Asin Fama

and Bliss (1987), we use the forward premium as the predictor, resulting in the following specification:
Byt — Bl ] = a+ Ba(f™Y =) + e 20)

Table 4 reports the estimated slope coefficients for individual forecast horizons &, as well as estimates
from regressions pooled across all horizons for each maturity n. The estimates reject the null hypothesis
B4 = 0, indicating that investors’ expectations of yt(i)h and ft(_f;?_)n do not move in tandem in response to
changes in forward premia. In line with the results in Table 3, these findings provide further evidence
that investors’ expectations are inconsistent with the S-EH.

Finally, we turn to regression (18) as another test of whether investors understand the relationship
between short- and long-term interest rates. This regression tests whether expected changes in the
short-rate translate to higher expected changes in long-term interest rates. The results are presented
in Table 5. Since we only have forecasts up to five quarters ahead, we can only run this regression for

bonds of maturity n = 2 and 4 quarters. In both cases, we find a coefficient that is greater than 1, though
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Table 4. Tests of the S-EH Using Regression (20)

forecast horizon (h) in quarters

maturity (n)

in quarters 2 3 4 5 6 pooled
1 2.87* 3.26%* 3.42%* 3.45%* 2.47* 3.18%**
(1.46) (1.39) (1.32) (1.26) (1.27) (0.47)

2 —0.39* —0.59** —0.68** —0.31 —0.52%**
(0.20) (0.23) (0.26) (0.21) (0.10)

4 —11.93** —4.58 —9.71**
(4.15) (3.67) (3.40)

Notes: This table presents the regression coefficients of specification (20). The last column reports the estimates for regressions
pooled across all forecast horizons h = 2,...,6 quarters. Consensus forecasts E,[-] are constructed as the cross-sectional
average of the forecasters in the dataset. The sample period runs from 1988:Q1 to 2024:Q4. The numbers in parentheses report
Newey-West standard errors with lag length selected according to Lazarus, Lewis, Stock, and Watson (2018). Stars indicate
statistical significance for the null hypothesis 3. = 0, with *, **, and *** indicating statistical significance at 10%, 5%, and 1%
levels, respectively.

only the estimate for n = 2 quarters is statistically different from 1.

5 Conclusion

Alarge body of empirical research has documented strong evidence against the expectations hypothesis
of interest rates. This rejection is typically interpreted as evidence of time-varying risk premia. However,
standard tests of the expectations hypothesis are inherently joint tests of that hypothesis and of rational
expectations.

In this paper, we examine how investors’ subjective expectations shape the term structure of interest
rates without imposing rational expectations. We allow investors to hold arbitrary subjective beliefs and
derive the no-arbitrage relationships that realized and expected rates must satisfy under constant risk
premia. We then show how survey data can be used both to construct regression-based tests of constant
risk premia and to assess whether investors understand the linkages between short- and long-term
interest rates.

Empirically, we find that (i) short-term bonds exhibit no time-varying risk premia, yet (ii) investors’
long-term interest rate forecasts remain inconsistent with the expectations hypothesis—even under
their own subjective expectations of the short rate. These results suggest that robust rejections of
the expectations hypothesis partly reflect violations of rational expectations rather than genuine time-
varying risk premia.
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Table 5. Testing for Relationship Between Interest Rates using Regression (18)

Ely1)] — "

SE 1) L2 121
(0.05) (0.13)

Notes: This figure reports OLS regression coefficients from equation (18) regressing (consensus) expected change in yields,

E, [yfi)l] — 4™ on (consensus) expected change in short-term yields, L(E, [yt(i)"} — ). Consensus forecasts are constructed

as the average of the forecasters in the dataset. Bond maturities are n = 2, 4, quarters. The sample period runs from 1988:Q1
to 2024:Q4. The numbers in parentheses report Newey-West standard errors with lag length selected according to Lazarus,
Lewis, Stock, and Watson (2018). Stars indicate statistical significance for the null hypothesis that 3 = 1. *, **, and *** indicate
statistical significance at 10%, 5%, and 1% levels, respectively.

A Appendix

Proof of Proposition 1

Consider the optimization problem (1) of investor i at time ¢ with wealth w;;. Denoting the Lagrange
multiplier corresponding to the investor’s time-7 budget constraint by (1 — p)p'~"\;;+1, the first-order
optimality conditions are given by

Air1 = uj(Wirg1) + PEiT+1[)\iT+2]/pgl (A.1)
and
Eir[Nir 1 (005 = ) /pV)] = 0 (A2)

for all 7 > t. Solving for \;-;1 from (A.1) recursively and using the transversality condition, we have

= uf(wir
Nir41 = Z P'Eiri1 M] . (A.3)
h=0 Pry1-+-Prin

Furthermore, multiplying the budget constraint in (1) by A;;4+1 and using (A.2) implies that
Eir [)\i’r+1wi7+1] = Eir [)\i7+1]wi7/p5-1)- (A.4)

We use the above equations to derive a second-order approximation to log bond prices as ¢ — 0.
But first, we characterize the steady-state values of w;,; and E;[\;;11]. Recall from (2) that when
o = 0, investor ¢ faces no subjective uncertainty regarding the future and believe that the short-term
interest rate is held constant and equal to one in all future periods 7 > ¢ + 1. Thus, (A.4) implies that
limy, 0 wizspe1 = wy for all b > 0. This, together with (A.3) then implies that

L—p
With the above in hand, we next obtain a second-order approximation to (A.2) as ¢ — 0. Note that

lim Eit[>‘it+l] = (AS)
o—0

setting 7 = ¢ in (A.2) implies that

covieNier1, 27 V) + B Nier ) Ba[plty V] — o™ /p0) = 0. (A.6)
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Equation (A.3), combined with the assumption that investors’ expectations satisfy the law of iterated
expectations, leads to

Wit+h+1 -1
COVit()\zt+1apt+1 ZP COVvig (HE)),pgil )> )
pt+ “Piin

and as a result,

(o0}
-1 -1
COVz’t()\it+1,p§il 1Y = ! (wir) E PhCOVit(wit—i-h—i-lalnggil ))
h=0

b (A.7)

—uf(wir) > oY covillogpiy, log pii V) + o(o?)

to a second-order approximation as ¢ — 0, where we are using the fact that when o = 0, investor i
believes that lim,_,o w;;4+p+1 = wi. Next, note that setting 7 = ¢t + h + 1 in (A.4) implies that

(1)
Eityh1 [Nitrht2Witrna2]Py

Wity htl =
Eitrn+1[Nitnt2]

for all ~ > 0. Consequently,

-1 -1 1 -1
CoViit (Wit 4+h+1, logpﬁil )) = coVit(Witht2, logpiil )) + witcovit(logpgﬁhﬂv logpﬁil )) =+ 0(02)-

Using this recursion to solve for cov;; (w41, log pgifl)) in terms of cov; (wj 41, log pg:l)), we obtain

-1 -1 1 -1
coVit (Wit4h41, 108;]9,511 )) = covit (Wig41, logpﬁil )) — Wit Z COVit(Ingng)rHa IOgPEL )) + 0(02)

r=0

for all h > 1. Plugging the above into the first term on the right-hand side of (A.7) implies that

(n— 1)) u;(wit)

-1
covit(Nit+1, Piq 1—p ))

<9itCOVz‘t (wity1,log ng

o0
1 -1
+ (1= i) Y peovir(log piY, , log pit; ))> +o(0?),
h=1
where 6;; and ~;; denote, respectively, investor i’s coefficients of absolute and relative risk aversion at
time ¢, defined in (4). Combining the above equation with (A.6) and replacing for w;;4, from the budget
constraint in (1), we obtain

Ealpi1 "] - p =0 Z 2 covy(log pi ), log 11 )
N (A.8)
+ (]- - ’%t) Z PhCOVt(Ing,g.l,_)h» Inggizl)) + 0(0-2)7
h=1

where we are also using the assumption that cov; (log pg +)h, log pg H)l) is independent of i (equation (2)),

and the fact that lim,_,0 Eit[Air+1] = w)(wit)/(1 — p) (equation (A.5)). Dividing both sides of the above
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equation by 6;;, integrating over all 7, and imposing market clearing, we obtain

1
/p(l) / (eit/gt)_lEit[pg_g_l )]dl QtZSt COVt(IOgPEH Y logp§” 1))
0

m=2
1 o0
2\ . 1 -1
- ( | amy - wdz) > peovillogp )y logpity V) + o(0?),
0 h=1
where 0, is the harmonic average of investors’ coefficients of absolute risk aversion at time ¢. Taking
logarithms from both sides of the above equation leads to

1
_ 1 n
logpg n) _ logp( ) /0 (65/0;) 1 Zt[logpl(tJrl )]dz + Va]r,g(logpg+1 — 0, Z Sy covt(logpg+1 b logpgﬂl))

m=2

1 o0
— </ (0:¢/0,) (1 — 'yit)dz‘> thcovt(logpgh,logpg:l))
0

h=1
1 1 = (n—1) 1 ! n (n—1) ’
w5 [ Oust Rog a5 ([ 0a/80 BallogNai) -+ ote?),

The last two terms on the right-hand side of the above equation reflect the cross-sectional covariance
of investors’ forecasts of next-period prices, with higher weights assigned to investors with smaller
coefficients of relative risk aversion. However, recall from (3) that the disagreement between investors
shrinks to zero at a rate faster than o. As a result, this cross-sectional variance term decays to zero at rate
faster than o2, thus establishing (5).

To complete the proof, we verify that equilibrium quantities xg” ) remain bounded for all investors i
as 0 — 0. To this end, note that equation (A.8) implies that

o0

Eulpli V]~ Eielpl iV = Y (0aal” — 052l cove(log pl7y ) log pit7 V)

m=2

+ (vt — i) Z phcow(logpgh, logpiﬁl)) +o(a?)
h=1

for all i # j. Recall from (2) that covy(log pg +)h, log p} +3 ) = 022§ y s) Therefore, if we let 3; denote the

matrix with (n, m) element given by ZETE T), the above equation implies that

eitfcz('t R thjt ) Z Jm—1n( Zt[pgi)l] _Ejt[pgi)ﬂ)

— (vt — Vit) = Zp Z " Dm—tmcovi(log piy log pit)) + o(0?)

n=1

for all m > 2. Note that assumptions (2) and (3) guarantee that the right-hand side of above the equation
remains finite as o — 0. As a result, eitxg” - Ojtx§T) = O(1) for all 7 and j. Dividing both sides by 6;;,
integrating over all j, and using market clearing then guarantees that lim,_, |:rz(;n ) | <ocoforallm >2. O

Proof of Proposition 2

Under Assumption 1, the last two terms on the right-hand side (5) do not vary with time. This, together
with our maintained assumption that the convexity adjustment term is also constant (or small), implies
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that log pﬁ”) = log pS) +E; [pﬁ]l)] + constant. Expressing this equation in terms of bond yields establishes

(7). O

Proof of Proposition 3

By Proposition 2, bond yields satisfy equation (7) to a second-order approximation as ¢ — 0. Since

each investor ¢ understands market clearing and all other investors’ ability to solve their optimization
problems (Assumption 2(a)), it follows that E; [y,g_ﬁl)] = ﬁE# [y&_)l] + Z—jEitEH[yt(j_;Q)] + constant.

Multiplying both sides by 6, /6;; and integrating over all 4, it follows that

") = 1 W,,n—2

— = = -2
B[y '] = p— 1Et Y1) + — 1EtEt+1[y$2 )] 4+ constant.

Substituting the above into (7) implies that

1 1 n—2—— —
w" = Engl) T ﬁEt[yﬁ)ﬂ + EtEt+1[Z/§i2 %] + constant.

n

Since market clearing and investors’ individual rationality are common knowledge (Assumption 2(c)),
we can repeat the above steps iteratively, allowing us to express the yield on the n-period bond as

1 n—1 o o
g == > EiEis .. Eyrs1[yl] + constant
n s=0

to a second-order approximation as ¢ — 0. The proof is complete once we show that

BB Erpaalyith) = EelyfYy) + o(0?) (A9)

asoc — Oforall s > 1.
To establish (A.9), first observe that

s—2

E¢Eiy1 - -E+s—1[y§41r) | - E, [yﬁr)s] = ZE R [EMEMH [yﬁ)s] - EtJrk[yt(_P ]} : (A.10)
k=0

Next, note that, by the definition of consensus expectations in (6), it follows that
E,. .E W1 _§ My — e itk By ; E; W1 _ g, W 1) [ djdi
t+k t+k+1[yt+s] t+k:[yt+s] o Jo Wit kit k | Wit+k+1 ]t+k+1[yt+s] zt+k+1[yt+s] Jdaz,
where w;; = 0;/60;;. By a simple change of variables,
AN O) = Bl = [ [ s sEavss o E, O o 1) | i
kBt k1 [V s] — Bear [y ). wirrkBiek Witk ik 1 [Yirs] — Eatqrg1 [y ) [didi
H M M
- /0 / Wit-+kEjt+k [wz‘t+k+1 (Ejt+k+1[yt+s]*Eit+k+1[yt+s])}djdi«

As aresult,

Er 1 w 1 —k—1 —k—1 sy
Et+kEt+k+l[y§+)s] - Et+k[yt(+)s] = / (wz‘t+kEz‘t+k [wjt+k+1Afj7t+k+1] - wjt+kEjt+k[wit+k+1A?j’t+k+1])dde7
7>
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where A?j,t = Eilog pEBh] — Eji[log pﬁ)h] denotes the disagreement between investors ¢ and j at time ¢
about the future price of the short-term bond h periods ahead. Replacing the above into (A.10), dividing
both sides by o2, and taking the limit as ¢ — 0, we obtain

-2

1= = 1 1 1 = ke

lim — <Et . -Et+s—1[yt(+)s] —E, [y§+)s ) = hm 5 Z By /> '(Wit+kEit+k[wjt+k+1Afj,t]j.kl.|_1]
7>

c—0 0 0 o2 P
s—k—1 -1
- th+kEjt+k‘[Wit—&-k-&-lAij’t_:,_k_;.l]) djdi.

Recall from (2) that when o = 0, investor i faces no uncertainty regarding the future and believes that the
short-term interest rate is held constant and equal to one in all future periods 7 > t+1 (i.e., lim,_;q p§1> =
1). Therefore, (A.4) implies that lim,_,o w;; = w; for all ¢. This, together with the fact that A’ k-1

ij,t+k+1 =
O(0?) as 0 — 0 implies that

lim <Et Et—&—s—l[yt(i)s} — Et [yt(—ll-)s}> = lim

o—0 0'2

where Al

it = Eit[Afj’t ) — Ejt[A?j’t +1) denotes the time-¢ disagreement between investors i and j

regarding their disagreement next period. By (11), the right-hand side of the above equality is equal
to zero, thus establishing (A.9). O

Proof of Proposition 4

Recall from (2) that when ¢ = 0, investor i faces no uncertainty regarding the future and believes
that the short-term interest rate is held constant and equal to one in all future periods = > ¢t + 1 (i.e,,
lim,_s0 pgl) = 1). Therefore, (A.4) implies that lim,_,o w; = w; for all ¢. Since, by assumption all investors
are ex ante symmetric (i.e., w; = w;), this implies that, in steady-state, all investors have identical risk-
bearing capacities at all time periods; that is, lim,_,o(1/6;; — 1/6;) = 0 for all ¢, or equivalently,

1/6; —1/6; = o(1), (A.11)

as o — 0. Next, observe that

1 1 n 1 n . . n 1 n .
/0 (1/6:0)Early(y))di = /0 (1/9it—1/9t)< ity — /0 Ejt[y§+);z}dﬂ>dl+(1/9t) /0 Ejelyi1y)dj.

The first term on the right-hand side of the above equation is the cross-sectional covariance of investors’
risk bearing capacities, 1/6;;, and subjective expectations, E;; [yt(z)h} The second term is the product
of the cross-sectional average of investors’ expectations and the cross-sectional average of their risk-
bearing capacities, where recall §; denotes the harmonic mean of investors’ coefficients of absolute risk
aversion. Consequently,

1 1 1 1
/0 (0001 B ) )i — /0 Ealy™) di = 4, /0 (1/6: — 1/8)) (Eit[yim— /0 Eﬁ[yﬁmdj)dz’.

Equation (3) implies that E;| ?/t +h fo jt yt +h ]dj = O(c?) as ¢ — 0. This, together with (A.11), therefore
implies that the right-hand side of the above equation decays to zero at a rate strictly faster than o2 as
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o — 0. In other words,

1 1
/0 (B 0:0)Ean [y, i — /0 Euely™)]di = o(0?)

as o — 0, thus establishing (19).
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